A nonparametric regression estimator that adapts to error distribution of unknown form by Linton, Oliver & Xiao, Zhijie
      
     
 
A NONPARAMETRIC REGRESSION ESTIMATOR THAT 




















2. The Model and Estimator 
3. Main Results 
4. Simulations 
Tables 1 – 3 
5. Appendix 
References 





    The Suntory Centre 
    Suntory and Toyota International Centres for 
    Economics and Related Discipines 
    London School of Economics and Political Science 
Discussion Paper  Houghton Street 
No.EM/01/419  London WC2A 2AE 
June 2001   Tel.: 020-7955 6698 
 
 
* We would like to thank Roger Koenker, Joel Horowitz, Whitney Newey, Peter 
Phillips, Steve Portnoy and Tom Rothenberg for helpful comments. Financial support 
from the National Science Foundation is gratefully acknowledged. 








We propose a new estimator for nonparametric regression based on local 
likelihood estimation using an estimated error score function obtained from 
the residuals of a preliminary nonparametric regression. We show that our 
estimator is asymptotically equivalent to the infeasible local maximum 
likelihood estimator [Staniswalis (1989)], and hence improves on standard 
kernel estimators when the error distribution is not normal. We investigate the 
finite sample performance of our procedure on simulated data. 
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4 Lqwurgxfwlrq
Lw kdv ehhq nqrzq iru vrph wlph wkdw lq fhuwdlq sdudphwulf uhjuhvvlrq prghov lw lv srvvleoh wr
cdgdsw* wr dq xqnqrzq huuru glvwulexwlrq e| pd{lpl}lqj dq hvwlpdwhg olnholkrrg ixqfwlrq edvhg rq
dq hvwlpdwh ri wkh huuru glvwulexwlrq1 Wkh frpprq uhvxow lv wkdw |rx gr dv zhoo lq whupv ri dv|pswrwlf
yduldqfh dv li |rx nqhz wkh wuxh huuru glvwulexwlrq/ khqfh wkh whup dgdswlyh1 Lq hvwlpdwlrq sureohpv
zkhuh d Jdxvvldq dvvxpswlrq rq wkh xqghuo|lqj glvwulexwlrq ri wkh gdwd lv lqdssursuldwh/ dgdswlyh
hvwlpdwlrq surylghv dq dowhuqdwlyh zd| wr wkh frqyhqwlrqdo Jdxvvldq pd{lpxp olnholkrrg hvwlpdwru
e| uhsodflqj wkh Jdxvvldq ghqvlw| ixqfwlrq zlwk d qrqsdudphwulf hvwlpdwh ri wkh vfruh ixqfwlrq ri
wkh orj0olnholkrrg1 Lw kdv ehhq suryhq wkdw dq h!flhqf| jdlq ryhu wkh ohdvw vtxduh phwkrgv fdq eh
dfklhyhg e| dgdswlyh hvwlpdwruv lq pdq| prghov1
Dgdswlyh hvwlpdwlrq zdv ?uvw vwxglhg e| Vwhlq +4<89, zkr frqvlghuhg wkh sureohp ri hvwlpdwlqj
dqg whvwlqj k|srwkhvhv derxw d sdudphwhu lq wkh suhvhqfh ri dq lq?qlwh glphqvlrqdo 3qxlvdqfh4 sd0
udphwhu1 Ehudq +4<:7, dqg Vwrqh +4<:8, frqvlghuhg dgdswlyh hvwlpdwlrq lq wkh v|pphwulf orfdwlrq
prgho/ zkloh Elfnho +4<;5, h{whqghg wklv wr olqhdu uhjuhvvlrq dqg rwkhu prghov1 Wklv odwwhu zrun
surylghg d vwduwlqj srlqw iru pxfk ixwxuh zrun lq wklv duhd/ prvw ri zklfk kdv h{sorlwhg wkh surshuw|
ri Orfdo Dv|pswrwlf Qrupdolw| +ODQ, ri wkh fodvv ri olnholkrrgv lqyroyhg1 Pdqvnl +4<;7, vwxglhg
dgdswlyh hvwlpdwlrq lq qrq0olqhdu prghov/ Nuhlvv +4<;:, frqvlghuhg vwdwlrqdu| dqg lqyhuwleoh dxwruh0
juhvvlyh prylqj dyhudjh +DUPD, prghov/ Vwhljhuzdog +4<<5, vwxglhg olqhdu uhjuhvvlrq zlwk DUPD
huuru/ dqg Olqwrq +4<<6, frqvlghuhg wkh fdvh ri olqhdu uhjuhvvlrq zlwk dxwruhjuhvvlyh frqglwlrqdo khw0
hurvfhgdvwlflw| +DUFK,/ zklfk zdv h{whqghg e| Gurvw dqg Noddvvhq +4<<:, wr wkh JDUFK+4/4,
fdvh1 Vhh Gurvw/ Noddvvhq/ dqg Zhunhu +4<<:, iru dq h{fhoohqw uhylhz dqg uhfhqw ghyhorsphqw iru
wlph vhulhv1 Mhjdqdwkdq +4<<8, h{whqghg wkh wkhru| wr qrqvwdwlrqdu| prghov zlwk lqghshqghqw dqg
lghqwlfdoo| glvwulexwhg +l1l1g1, huuru/ zklfk lqyroyhv wkh jhqhudol}dwlrq wr Orfdo Dv|pswrwlf Pl{hg
Qrupdo +ODPQ, olnholkrrgv1 Krgjvrq +4<<:, ixuwkhu h{whqghg wklv fdvh exw zlwk DUPD huuruv1
Zh sursrvh d qhz hvwlpdwru iru qrqsdudphwulf uhjuhvvlrq wkdw dgdswv wr wkh xqnqrzq vkdsh ri
wkh huuru whup1 Frqvlghu wkh iroorzlqj qrqsdudphwulf uhjuhvvlrq
tð ' 6Efðä n 0ðc ð ' c 2c é é é c ?c +4,
zkhuh 0ð lv dq l1l1g1 huuru whup zlwk .E0ðmfðä ' fé Wkh dvvxpswlrq wkdw 6 lv d vprrwk ixqfwlrq
lpsolhv wkdw iru fð forvh wr %c tð frqwdlqv lqirupdwlrq ri 6E%äé D srsxodu hvwlpdwru ri 6E%ä lv wkh
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zkhuh g lv d nhuqho ixqfwlrq dqg û ' ûE?ä lv d edqgzlgwk vhtxhqfh1 Vxfk dq hvwlpdwru fdq dovr eh








Etð ý wä2é +6,
Plqlpl}lqj wkh deryh zhljkwhg vxp ri vtxduhg uhvlgxdov jlyhv suhflvho| wkh hvwlpdwru lq +5,/ vhh/
h1j1/ Kçugoh +4<<3, iru glvfxvvlrq1 Zkhq 0ð duh Jdxvvldq/ +6, fruuhvsrqgv wr wkh zhljkwhg olnholkrrg
fulwhulrq1 Lq wkh devhqfh ri Jdxvvldqlw|/ dv|pswrwlf uhvxowv ri wkh deryh hvwlpdwru jhqhudoo| vwloo krog
exw wklv hvwlpdwru lv ohvv h!flhqw wkdq hvwlpdwruv wkdw h{sorlw wkh glvwulexwlrqdo lqirupdwlrq1 Lq wklv
fdvh/ li wkh huuru ghqvlw| s zhuh nqrzq/ zh pd| uhsodfh Etð ý wä2 e| wkh orj olnholkrrg *L} sEtð ý wä
dqg rewdlq d olnholkrrg0edvhg hvwlpdwru1 Wlevkludql +4<;7, lqwurgxfhg wkh orfdo olnholkrrg hvwlpdwru
lq wkh frqwh{w ri qrqsdudphwulf jhqhudol}hg olqhdu prghov1 Wklv vwxg| zdv h{whqghg lq Kdvwlh dqg
Wlevkludql +4<;:,1 Vwdqlvzdolv +4<;<, dssolhg wklv lghd wr wkh hvwlpdwlrq ri d orfdwlrq sdudphwhu
w( vkh dovr ghulyhg wkh dv|pswrwlf surshuwlhv ri khu surfhgxuh1 Wkhuh kdv ehhq pxfk uhfhqw zrun
prvwo| irfxvlqj rq ghqvlw| dqg kd}dug hvwlpdwlrq1 Lq sduwlfxodu vhh= Frsdv +4<<7,/ Kmruw +4<<6,/
Kmruw dqg Mrqhv +4<<9, dqg Ordghu +4<<9,1 Zrun lq rwkhu duhdv lqfoxghv Urelqvrq +4<;<, iru d wlph
vhulhv uhjuhvvlrq sureohp/ dqg wkh uhfhqw sdshu e| Jr}dor dqg Olqwrq +5333, iru qrqolqhdu uhjuhvvlrq
prghov1 Wkhvh surfhgxuhv duh glvfxvvhg lq Kçugoh dqg Olqwrq +4<<7/ vhh s4: hvshfldoo|,1
Lq sudfwlfh/ s lv jhqhudoo| xqnqrzq dqg wkh orfdo olnholkrrg hvwlpdwru lv lqihdvleoh1 Zh sursrvh
dq dgdswlyh surfhgxuh iru wkh hvwlpdwlrq ri +4, edvhg rq hvwlpdwlqj wkh vfruh ixqfwlrq ri wkh huuruv/
l1h1/ e| uhsodflqj s e| d qrqsdudphwulf hvwlpdwru wkhuhri1 Zh hvwdeolvk wkh srlqwzlvh dv|pswrwlf
glvwulexwlrq ri rxu hvwlpdwru ri 6E%äc iru lqwhulru %c dqg vkrz wkdw lw dgdswv lq wkh vhqvh wkdw lw
kdv wkh vdph yduldqfh dv wkh lqihdvleoh surfhgxuh edvhg rq nqrzlqj wkh huuru glvwulexwlrq1 Wklv lv
wuxh uhjdugohvv ri wkh glphqvlrqdolw| ri wkh uhjuhvvruv1 D pruh frpsolfdwhg lpsohphqwdwlrq ri rxu
surfhgxuh lqyroyhv xqghuvprrwklqj dw wkh ?uvw vwhs dqg zloo uhvxow lq dq hvwlpdwru zlwk h{dfwo| wkh
vdph eldv dv wkh lqihdvleoh orfdo olnholkrrg hvwlpdwru1 Lq wklv fdvh/ rxu dgdswlyh hvwlpdwru dfklhyhv
wkh vdph phdq vtxduhg huuru lq odujh vdpsohv dv wkh lqihdvleoh orfdo olnholkrrg hvwlpdwru1 Lq wklv
vhqvh/ rxu hvwlpdwru lv h!flhqw1 Wklv lv qrw wr vd| wkdw rxu phwkrg kdv dq| vshfldo surshuwlhv zlwk
5
uhjdug wr plqlpd{ ulvn> dv lv zhoo nqrzq lw lv qrw srvvleoh wr dfklhyh wkh orzhu erxqg khuh/ vhh
Idq +4<<6,1 Exw wkh sdluzlvh frpsdulvrq kdv ehhq xvhg hovhzkhuh/ vhh Olqwrq +4<<:,1 Zlwk uhjdug
wr uhjxodulw| frqglwlrqv zh pdnh udwkhu vwurqj dvvxpswlrqv derxw wkh vprrwkqhvv ri wkh uhjuhvvlrq
ixqfwlrq exw lpsrvh yhu| ihz uhtxluhphqwv rq wkh huuru ghqvlw|= lq rqh vhw ri frqglwlrqv zh doorz lw
wr kdyh xqerxqghg vxssruw/ zkloh lq dqrwkhu zh orrn dw wkh fdvh ri erxqghg vxssruw1 Lq wkh odwwhu
fdvh/ zh pxvw dovr uhtxluh wkdw wkh huuru ghqvlw| dssurdfkhv }hur dw wkh erxqgdu| udwkhu idvw ehfdxvh
rwkhuzlvh wkh hvwlpdwlrq sureohp lv qrq0uhjxodu/ l1h1/ wkhuh h{lvw hvwlpdwruv wkdw frqyhujh wr wkh wuxh
ydoxh pruh udslgo|1
Zk| lv wklv lpsruwdqw lq sudfwlfhB Lq pdq| gdwd vhwv/ wkh huuru glvwulexwlrq lv olnho| wr eh qrq0
qrupdoo| glvwulexwhg dqg shukdsv txlwh idu iurp wkh qrupdo glvwulexwlrq wr vxfk dq h{whqw wkdw wkh
orfdo olnholkrrg hvwlpdwru kdv pxfk orzhu yduldqfh wkdq wkh Jdxvvldq0edvhg hvwlpdwruv ^wkh uhodwlyh
h!flhqf| lv xqerxqghg`1 Dv d prghoolqj lvvxh lw lv kdug wr eholhyh wkdw zh kdyh ehwwhu lqirupdwlrq
derxw wkh huuru ghqvlw| wkdq derxw wkh vkdsh ri wkh pdlq uhjuhvvlrq h>hfw dqg vr lw lv txlwh qdwxudo
wr wuhdw wkh huuru ghqvlw| dv dq xqnqrzq sdudphwhu mxvw olnh wkh uhjuhvvlrq ixqfwlrq1 Wkxv rxu
uhvxowv duh frpiruwlqj lq wkdw wkh| vd| wkdw zh fdq vwloo xvh lqirupdwlrq iurp wkh huuru glvwulexwlrq
wr lpsuryh wkh shuirupdqfh ri rxu orfdwlrq hvwlpdwhv> wklv lv doo wkh pruh lpsruwdqw lq qrqsdudphwulf
uhjuhvvlrq ehfdxvh wkh udwh ri frqyhujhqfh fdq eh vr vorz1
Wkh sulqflsoh lqyroyhg h{whqgv wr rwkhu orfdwlrq prghov wkdw ghshqg rq vhyhudo ixqfwlrqdo sdud0
phwhuv/ olnh dgglwlyh uhjuhvvlrq prghov1 Lq pruh jhqhudo qrqsdudphwulf prghov/ zh pd| ru pd| qrw
?qg dgdswlylw| mxvw dv lq wkh sdudphwulf fdvh/ vhh Elfnho/ Noddvvhq/ Ulwry/ dqg Zhooqhu +4<<6,1
Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho dqg hvwlpdwruv duh jlyhq lq wkh qh{w vhfwlrq1
Dv|pswrwlf uhvxowv ri wkh hvwlpdwru duh jlyhq lq Vhfwlrq 61 Lq vhfwlrq 7 zh surylgh d vpdoo Prqwh
Fduor h{shulphqw zklfk hydoxdwhv wkh h>hfwlyhqhvv ri wkh dgdswlyh uhjuhvvlrq hvwlpdwru1 Zh jlyh wkh
surriv ri rxu pdlq uhvxow lq wkh dsshqgl{1
Iru qrwdwlrq/ zh xvh s Eæä wr ghqrwh wkh æ|û ghulydwlyh ri d ixqfwlrq sé Zh dovr ohw nøn ghqrwh
wkh Hxfolghdq qrup ri wkh duud| ø ' E@ðcééécðrä gh?qhg dv nøn ' E
S
@2ðcééécðrä
*2é Iru ixqfwlrqv 6 dqg
yhfwruv ! ' E&c é é é c &_ä dqg % ' E%c é é é c %_äc zh xvh wkh iroorzlqj qrwdwlrqv
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é
5 Wkh Prgho dqg Hvwlpdwru
514 Wkh Prgho dqg dq Lqihdvleoh Hvwlpdwru
Vxssrvh wkdw itðc fðj?ð' duh l1l1g1/ zkhuh fð 5 U_ dqg tð 5 Ué Zh frqvlghu wkh iroorzlqj uhjuhvvlrq
prgho
tð ' 6Efðä n 0ðc ð ' c 2c é é é c ?c
zkhuh 0ð lv lqghshqghqw ri fð zlwk .E0ðä ' féZh duh lqwhuhvwhg lq hvwlpdwlrq ri wfE%ä ' 6E%äc zkhuh
% lv dq lqwhulru srlqw lq wkh vxssruw ri fðc dqg wkh ixqfwlrq 6Eüä lv dvvxphg wr eh ri xqnqrzq irup/
exw vprrwk1












*L} sEtð ý wäc














dqg & lv d nhuqho ixqfwlrq/ zkloh û lv d edqgzlgwk sdudphwhu1 Wkh vprrwkhg pd{lpxp olnholkrrg
hvwlpdwru +VPOH, +ru orfdo pd{lpxp olnholkrrg hvwlpdwru, ri wfE%äc ghqrwhg wE%äc fdq eh rewdlqhg
e| vhwwlqj wkh iroorzlqj vprrwkhg vfruh ixqfwlrq











Etð ý wä +8,
htxdo wr }hur1 Li 0ð lv dvvxphg wr eh qrupdoo| glvwulexwhg/ wkhq wE%ä lv wkh vwdqgdug Qdgdud|d0Zdwvrq
nhuqho vprrwkhu/ zkloh li 0ð lv dvvxphg wr eh Odsodfh glvwulexwhg/ wkhq wE%ä lv wkh vwdqgdug orfdo
phgldq vprrwkhu/ vhh Fkdxgkxul +4<<4,1 Lq jhqhudo/ wkh hvwlpdwru wE%ä lv rqo| lpsolflwo| gh?qhg dqg
lv d qrqolqhdu ixqfwlrq ri tc é é é c t?é
Zh qh{w vwdwh wkh surshuwlhv ri wE%äé Gh?qh
LwE%ä ' sfE%äUEsäc +9,
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lv wkh Ilvkhu lqirupdwlrq iru wkh huuru ghqvlw| sé





ú, ù ýfc ngn2 L3w E%äü c
zkhuh ngn2 ' U mgEüäm2_üé
Uhpdun 41 Wklv uhvxow lv hvvhqwldoo| wkh vdph dv Vwdqlvzdolv +4<;</ s5::, h{fhsw wkdw khu wkhruhp
doorzv d pruh jhqhudo orj olnholkrrg ixqfwlrq *L} sEtð( wä udwkhu wkdq rxu orfdwlrq0edvhg olnholkrrg
*L} sEtð ý wä ^vhh dovr Jrq}doh}0Pdqwhljd +4<<3,`é Zh doorz iru d pruh jhqhudo pxowlyduldwh udqgrp
ghvljq iru wkh fryduldwhv1
Uhpdun 51 Wkh olplwlqj yduldqfh ri wE%ä lv vpdoohu wkdq wkh yduldqfh ri wkh Qdgdud|d0Zdwvrq
hvwlpdwru/ zklfk lv j2 ngn2 *sfE%äc zkhuh j2 lv wkh huuru yduldqfh1 Lw lv dovr vpdoohu wkdq wkh yduldqfh
ri dq| rwkhu nhuqhoýhvwlpdwru edvhg rq ?qglqj }hurv riS?ð'g ý%3fðû üúEtðý wä iru dq| ixqfwlrq
ú zlwk .úE0ðä ' fé Wklv iroorzv iurp wkh fodvvlfdo Fudpìu0Udr lqhtxdolw|1
Uhpdun 61 Wkh eldv ri wE%ä lv/ iru vhfrqg rughu nhuqhovgc dssur{lpdwho| û2d
U
ü2gEüä_üod6ââE%än
26âE%äs âfE%ä*sfE%äo*2 uhjdugohvv ri wkh vkdsh ri s ^wklv lv dvvxplqj wkdw .ì
âââE0ä ' f +zkhuh
ìE0ä ' *L} sE0ä,/ zklfk lv fhuwdlqo| wuxh iru v|pphwulf 0`é Lq sduwlfxodu/ lw lv wkh vdph dv wkh eldv ri
wkh Qdgdud|d0Zdwvrq hvwlpdwru1 D pruh jhqhudo fodvv ri phwkrgv zrxog lqyroyh orfdo sro|qrpldov
lqvlgh sEtð ý wä lq sodfh ri wkh frqvwdqw w( wklv zrxog uhvxow lq d vlpsohu eldv h{suhvvlrq/ vhh ehorz
iru ixuwkhu glvfxvvlrq rq wklv1
Dq dowhuqdwlyh hvwlpdwlrq phwkrg lv jlyhq e| wdnlqj rqh Qhzwrq0Udskvrq vwhs ^dv sursrvhg lq
Elfnho +4<:8, iru sdudphwulf hvwlpdwlrq` iurp d suholplqdu| frqvlvwhqw hvwlpdwru hw ^vd|/ wkh nhuqho
hvwlpdwru +5,`/ wkdw lv/ ohw
wù- ' hw n L?Ehw( sä37?Ehw( säc +;,
zkhuh L?Ehw( sä lv d frqvlvwhqw hvwlpdwh ri wkh lqirupdwlrq LwE%ä G











Etð ý hwäè2 é
8
Wklv phwkrg lv dv|pswrwlfdoo| htxlydohqw wr wkh VPOH w lq wkh vhqvh wkdw
s
?û_Ewù- ý wä ' JREä 0
vhh Idq dqg Fkhq +4<<<, iru wkh surri ri d vlplodu uhvxow1
Lq sudfwlfh/ s lv jhqhudoo| xqnqrzq dqg vr qhlwkhu w qru wù- duh ihdvleoh1 Krzhyhu/ wkh lqihdvleoh
surfhgxuh gh?qhv dq h!flhqf| vwdqgdug djdlqvw zklfk zh vkrxog phdvxuh rxu ihdvleoh hvwlpdwru1
515 Rxu Hvwlpdwru
Wr rewdlq d ihdvleoh hvwlpdwru iru wE%äc zh uhsodfh s e| d qrqsdudphwulf hvwlpdwh/ vd| hsé Vshfl?fdoo|/




















zkhuh h0æ lv d suholplqdu| hvwlpdwh ri 0æ gh?qhg e| h0æ ' tæ ý h6Efæäc zkhuh h6Efæä lv d suholplqdu|
qrqsdudphwulf hvwlpdwru ri 6Efæäé Zh zloo glvfxvv wkh frqvwuxfwlrq ri h6Efæä odwhu lq Vhfwlrq 5161
Dv lq vrph rwkhu dssolfdwlrqv ri nhuqho uhjuhvvlrq hvwlpdwruv/ wkh hvwlpdwru hsEeðä fdq eh vpdoo dqg
pd| fdxvh whfkqlfdo gl!fxow| vlqfh lw hqwhuv lqwr wkh hvwlpdwhg vfruh ixqfwlrq lq wkh ghqrplqdwru1
Iru wklv uhdvrq/ zh wulp rxw vpdoo hsEeðä dv gr Elfnho +4<;5, dqg Pdqvnl +4<;7,1 Wkh vlpsohvw dqg
suredeo| prvw frpprq wulpplqj lv wkh lqglfdwru wulpplqj ixqfwlrq= CKE%ä ' UEm%m è Käc zkhuh K lv
wkh wulpplqj sdudphwhu wkdw jrhv wr }hur dv ? $ 41 Lqvwhdg/ zh frqvlghu wkh iroorzlqj vprrwkhg
wulpplqj/ zklfk kdv ehhq xvhg uhfhqwo| e| Dqguhzv +4<<8, dqg Dl +4<<:,1 Ohw }Eüä eh d ghqvlw|


















fc % ÷ KU %
3" }KE5ä_5c K é % é 2K
c % : 2Ké
Iru h{dpsoh/ frqvlghu wkh iroorzlqj Ehwd ghqvlw|
}E5ä ' îE@n ä35@Eý 5ä@c f é 5 é c
9
iru vrph srvlwlyh lqwhjhu @c zkhuh îE@ä lv wkh ehwd ixqfwlrq gh?qhg e| îE@ä ' KE@ä2*KE2@äc dqg
KE@ä lv wkh Hxohu jdppd ixqfwlrq1 Wkhq/ lw fdq eh yhul?hg wkdw wkh ixqfwlrq CKE%ä lv @ n ýwlphv
frqwlqxrxvo| gl>huhqwldeoh rq dfc o1 Wklv surshuw| doorzv xv wr xvh vwdqgdug Wd|oru vhulhv dujxphqwv/
zkhuhdv lqglfdwru ixqfwlrq wulpplqj zrxog suhfoxgh wklv1 Zh zloo vxssrvh wkdw @ è ôé
Zh qrz gh?qh wkh wulpphg orfdo vfruh ixqfwlrq dv








ê hs âhs Etð ý wäCKE hsEtð ý wää +43,
dqg wkh wulpphg lqirupdwlrq e|








ê% hs âhs Etð ý wä
&2
CKE hsEtð ý wääé +44,
Zh pd| frqvlghu d sur?oh vprrwkhg pd{lpxp olnholkrrg hvwlpdwru ewE%ä wkdw vhwv h7?Ew( hsä htxdo wr
}hur1 Vlplodu wr wkh fdvh zlwk nqrzq ghqvlw| s / d rqh0vwhs Qhzwrq0Udskvrq hvwlpdwru ri w fdq dovr













Zh fdofxodwh wkh iroorzlqj rqh0vwhs Qhzwrq0Udskvrq hvwlpdwru
ewE%ä ' hwE%ä n hL?EhwE%ä( hsä3 h7?EhwE%ä( hsäé +46,
Lq wkh qh{w vhfwlrq zh zloo jlyh wkh dv|pswrwlf glvwulexwlrq ri wkh rqh0vwhs hvwlpdwru +46,1
Wkh suholplqdu| hvwlpdwru hwE%ä lq E2äc wkh ghqvlw| hvwlpdwruv hs dqg hs â lq +<,/ dqg wkh hvwlpdwruv
ri wkh vfruh h7? lq +43, dqg wkh lqirupdwlrq hL? lq +44, doo lqyroyh fkrlfhv ri nhuqhov dqg edqgzlgwk
ydoxhv1 Lq sulqflsoh/ zh pd| frqvlghu pruh jhqhudo ghylfhv wkdw xvh gl>huhqw edqgzlgwk sdudphwhuv
dqg nhuqhov lq gl>huhqw fdvhv1 Krzhyhu/ wkh dgglwlrqdo vprrwklqj sdudphwhuv eulqj frpsolfdwlrq wr
wkh dqdo|vlv dqg frpsdulvrqv1 Lq wklv sdshu/ zh frqvlghu wkh vlpsoh fdvh zkhuh wkh vdph edqgzlgwk
û dqg nhuqho & duh xvhg lq hwE%ä/ hsc hs â/ h7?/ dqg hL?1 Lq wkh qh{w vxevhfwlrq zh ghvfuleh rxu orfdo
sro|qrpldo hvwlpdwru xvhg lq wkh frqvwuxfwlrq ri wkh uhvlgxdov h0æ1
Lq wkh hyhqw wkdw wkh huuru ghqvlw| lv nqrzq wr eh v|pphwulf/ vrph lpsuryhphqw fdq eh h{shfwhg
e| v|pphwul}lqj wkh huuru ghqvlw| dqg ghulydwlyh/ wkxv hsEeä :$ E hsEeän hsEýeää*2 dqg hs âEeä :$ E hs âEeäýhs âEýeää*2c dowkrxjk wklv rqo| d>hfwv wkh kljkhu rughu whupv lq rxu fdvh1 Elfnho +4<;5, sursrvhv dq
:
hvwlpdwru wkdw lqfrusrudwhv wkhvh uhvwulfwlrqv1 Lq klv surriv kh h{sorlwv wkh v|pphwu| surshuwlhv
ri wkh hvwlpdwru1 Zh gr qrw lpsrvh v|pphwu| rq rxu hvwlpdwru dqg rxu surri whfkqltxh lv txlwh
gl>huhqw iurp Elfnho*v1
Rqh fdq dovr h{shfw ehwwhu shuirupdqfh lq sudfwlfh e| lwhudwlqj +46, d ihz wlphv ru xqwlo frqyhu0
jhqfh1
516 Hvwlpdwlrq ri wkh Uhvlgxdov
Dq lpsruwdqw lqsxw wr wkh ghqvlw| hvwlpdwh lv wkh hvwlpdwhg uhvlgxdo h0æ ' tæ ý h6Efæäc zklfk
uhtxluhv dq hvwlpdwh ri 6Efæäé Iru wkh fkrlfh ri h6Efæä/ qdwxudo fdqglgdwhv lqfoxgh wkh frqyhqwlrqdo
Qdgdud|d0Zdwvrq hvwlpdwru dqg wkh zlgho| xvhg orfdo sro|qrpldo hvwlpdwru ru vlhyh hvwlpdwruv1
Zkhq wkh ruglqdu| nhuqho hvwlpdwru lv xvhg/ dgglwlrqdo wulpplqj lv xvxdoo| qhhghg wr uhpryh wkh
erxqgdu| eldv ehfdxvh li zh xvh doo revhuydwlrqv lq hvwlpdwlqj wkh huuru ghqvlw|/ zh duh sxvkhg lqwr
wkh erxqgdu|1 Wr dyrlg lqwurgxflqj dqrwkhu wulpplqj rq h6Efæä/ zh xvh orfdo sro|qrpldov lqvwhdg
ri ruglqdu| nhuqho hvwlpdwruv lq wkh frqvwuxfwlrq ri uhvlgxdov h0æ1 Vhh Idq +4<<5,/ dqg Idq dqg
Jlmehov +4<<9, iru glvfxvvlrq rq wkh dwwudfwlyh surshuwlhv ri orfdo sro|qrpldov1 Jlyhq revhuydwlrqv
itðc fðj?ð'/ wkh suholplqdu| hvwlpdwh ri wkh uhjuhvvlrq ixqfwlrq 6E%ä fdq eh rewdlqhg xvlqj wkh





K! ü Efð ý %ä!
682NEEfð ý %ä*ûäc +47,
zkhuh NEüä lv d qrqqhjdwlyh zhljkw ixqfwlrq rq U_ dqg û lv d edqgzlgwk sdudphwhu/ zkloh R lv dq
lqwhjhu zlwk R è 2é Ohw h6E%ä ' eKfc zkhuh eKf lv wkh plqlpl}lqj lqwhufhsw lq +47,1 Zh frpsxwh wklv
hvwlpdwru iru hdfk vdpsoh srlqw dqg xvh lw wr frqvwuxfw wkh uhvlgxdov h0æ ' tæ ý h6Efæäc zklfk duh
wkh nh| lqsxw wr wkh ghqvlw| hvwlpdwh1 Djdlq/ iru frqyhqlhqfh ri frpsdulvrq/ zh fkrrvh R ' ^ ý 
dqg xvh wkh vdph edqgzlgwk ûc vr wkdw wkh eldv dqg yduldqfh ri wkh suholplqdu| hvwlpdwru duh ri wkh
vdph rughuv ri pdjqlwxgh dv wkh dgdswlyh hvwlpdwru1 Zh jlyh pruh glvfxvvlrq derxw wkh whfkqlfdo




Wr idflolwdwh wkh dv|pswrwlf dqdo|vlv/ zh pdnh wkh iroorzlqj dvvxpswlrqv rq wkh glvwulexwlrq/ wkh
nhuqho ixqfwlrq &Eüäc wkh edqgzlgwk sdudphwhu û/ dqg wkh wulpplqj sdudphwhu K lq hwE%ä/ hsc hs â/ h7?/
dqg hL?1
D41 0ð dqg fð duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg +l1l1g1, udqgrp yduldeohv +yhfwruv,/ px0
wxdoo| lqghshqghqw/ dqg .E0ðä ' f dqg .E02ð ä ' j
2 ÷41
D51 0ð kdv vxssruw U dqg kdv v|pphwulf Ohehvjxh ghqvlw| sE0ä zklfk kdv xqlirupo| erxqghg frq0
wlqxrxv sduwldo ghulydwlyhv xs wr wkh rughu o/ dqg s EoäE0ä lv Olsvfklw} frqwlqxrxvc l1h1/ wkhuh
h{lvwv d frqvwdqw S vxfk wkdw iru doo 0c 0W rq lwv vxssruw/ zh kdyh
ññs EoäE0äý s EoäE0Wäññ é Sm0ý 0Wmé
D61 Ohw ìE0ä ' *L} sE0äc dqg vxssrvh wkdw .dEìâE0ää2o ÷4c .dmìââE0ämo ÷4 dqg .dmìâââE0ämo ÷41
D71 Wkh nhuqho & kdv vxssruw dýc o dqg lv v|pphwulf derxw }hur dqg vdwlv?hv U &Eüä_ü ' 1 Wkhuh
h{lvwv dq hyhq srvlwlyh lqwhjhu ^ zlwk 2 ÷ ^ é o ý  vxfk wkdw]
üæ&Eüä_ü ' fc æ ' c é é é c ^ ý c dqg
]
ü^&Eüä_ü 9' fé
Ixuwkhupruh/ lw lv irxu wlphv gl>huhqwldeoh rq lwv vxssruw/ zkloh &âEfä ' f1
D81 û$ fc ?û2^n_ $ f/ dqg ?û_nb $4c K ' ûô / dqg f ÷ ô ÷ *21
D91 fð kdv Ohehvjxh ghqvlw| sfE%ä zklfk lv erxqghg dzd| iurp }hur rq lwv vxssruw [ / d frpsdfw
vxevhw ri U_1 E(!sfäE%ä dqg E(!6äE%ä duh erxqghg dqg xqlirupo| frqwlqxrxv rq U_/ dqg
wkhuh h{lvwv ?qlwh ä2 dqg äô vxfk wkdw
mE(!sfäEüäý E(!sfäEñäm é ä2mmüý ñmmc mE(!6äEüäý E(!6äEñäm é äômmüý ñmmc
zlwk m!m ' oé
<
Zh dvvxph wkh h{lvwhqfh ri d yduldqfh j2 mxvw iru wkh sxusrvh ri yhuli|lqj wkh surshuwlhv ri rxu
slorw hvwlpdwru1 Li iru h{dpsoh wkh orfdo phgldq vprrwkhu zhuh xvhg/ wkhq lw pd| eh srvvleoh wr pdnh
zhdnhu dvvxpswlrqv derxw wkh huuru prphqwv1 Dvvxpswlrqv D5 dqg D6 hqvxuh wkh dgdswlyh surshuw|
dqg Wd|oru h{sdqvlrqv ri wkh ghqvlw| ixqfwlrq wr dssursuldwh rughuv1 E| grplqdwhg frqyhujhqfh/












zklfk jxdudqwhh wkdw wkh wulpplqj h>hfw zloo eh dv|pswrwlfdoo| ljqrudeoh1 Ixuwkhu vx!flhqw frqgl0
wlrqv pd| eh irxqg iru wklv surshuw|1 Iru h{dpsoh/ zh pd| uhsodfh dvvxpswlrqv D5 dqg D6 e| wkh
iroorzlqj +vx!flhqw frqglwlrqv, dvvxpswlrqv +D5â dqg D6â ehorz,/ zklfk dvvxph wkdw 0 kdv erxqghg
vxssruw1
D5â1 0ð kdv v|pphwulf Ohehvjxh ghqvlw| sE0ä zklfk kdv vxssruw vxssEsä ' d@c @oc zkhuh @ dqg @
duh xqnqrzq erxqgdu| sdudphwhuv wkdw vdwlvi| ý4 ÷ @ ÷ @ ÷ 4c dqg sE0ä : f rq E@c @äé
Lq dgglwlrq/ wkh ghqvlw| kdv xqlirupo| erxqghg frqwlqxrxv sduwldo ghulydwlyhv xs wr wkh rughu
o/ dqg s EoäE0ä lv Olsvfklw} frqwlqxrxv rq E@c @äc l1h1/ wkhuh h{lvwv d frqvwdqw S vxfk wkdw iru doo
0c 0W 5 E@c @äc zh kdyh ññs EoäE0äý s EoäE0Wäññ é Sm0ý 0Wmé
Lq D5â zh dvvxph wkdw sE0ä kdv erxqghg vxssruw1 Zkhq s lv vwulfwo| srvlwlyh rq d@c @oc wkh
vlwxdwlrq lv qrq0uhjxodué Lq vrph fdvhv/ wklv fdq ohdg wr lqfrqvlvwhqf| ri vroxwlrqv ri wkh olnholkrrg
vfruh htxdwlrqv/ exw shukdsv wkh srwhqwldo iru lpsuryhg udwhv ri frqyhujhqfh iru rwkhu hvwlpdwruv1
Wkhuhiruh/ zh vkdoo pdnh dq dgglwlrqdo dvvxpswlrq
D6â1 sE0ä dqg lwv ?uvw õ ý  ghulydwlyhv ydqlvk dw @ dqg @c zkloh s EõäE@ä 9' fc dqg s EõäE@ä 9' f iru
vrph lqwhjhu õ zlwk 2 é õ é oé
Dvvxpswlrq D6â jxdudqwhhv wkdw wkh ghqvlw| s ydqlvkhv dw wkh erxqgdu| dw d vx!flhqwo| idvw udwh
vr wkdw wkh surshuwlhv ri uhjxodu hvwlpdwlrq krogv1 Lq wklv fdvh/ rqh fdq qrw hvwlpdwh d sdudphwhu k
ri wkh ghqvlw| s dw d udwh ehwwhu wkdq urrw0q1 Vhh Dndklud dqg Wdnhxfkl +4<<8, iru d glvfxvvlrq ri
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wklv lvvxh1 Wklv dvvxpswlrq dovr lpsolhv wkdw wkh Ilvkhu lqirupdwlrq UEsä gh?qhg lq +:, h{lvwv dv gr
ydulrxv rwkhu lqwhjudov xvhg ehorz1
Wkhvh dvvxpswlrqv duh vlplodu wr wkrvh xvhg lq wkh h{lvwlqj olwhudwxuh1 Qrwh wkdw ehfdxvh wkh
wulpplqj sdudphwhu K lv ri odujhu pdjqlwxgh wkdq ûc rxu hvwlpdwru zloo qrw vx>hu iurp erxqgdu|
eldv iurp wkh hvwlpdwlrq ri wkh ghqvlw| s 1 Dvvxpswlrq D8 lv txlwh vwurqj dqg lpsolhv wkdw zh pxvw
kdyh 2^ : b1 Wklv dvvxpswlrq lv vwurqjhu wkdq qhfhvvdu| dqg dulvhv sduwo| ehfdxvh zh kdyh fkrvhq
wkh vdph edqgzlgwk wkurxjkrxw dqg sduwo| ehfdxvh ri rxu surri whfkqltxh1 Zlwk d pruh frpsolfdwhg
dqdo|vlv/ lw lv srvvleoh wr vkrz wkdw 2^ : S lv hqrxjk1 Zh eholhyh wkdw wkh uhvxow lv wuxh hyhq iru
srvlwlyh nhuqhov1 Dvvxpswlrq D9 lv lqwurgxfhg wr dyrlg wkh xvh ri dgglwlrqdo wulpplqj sdudphwhuvé
Holplqdwlqj wklv dvvxpswlrq zrxog vxevwdqwldoo| lqfuhdvh wkh pdwkhpdwlfdo frpsoh{lw| ri rxu surriv
zlwkrxw surylglqj dq| ixuwkhu lqvljkw lqwr rxu uhvxowv1
Zh frqvwuxfw wkh uhvlgxdov h0æ ' tæý h6Efæä xvlqj R0wk rughu orfdo sro|qrpldov1 Wklv lv rqo| xvhg
lq rewdlqlqj wkh uhvlgxdov wr dyrlg dgglwlrqdo wulpplqj ru erxqgdu| prgl?fdwlrq zkhq zh xvh doo ?
revhuydwlrqv lq hvwlpdwlqj wkh huuru ghqvlw|1 Zh xvh wkh vdph edqgzlgwk û lq wkh nhuqho hvwlpdwlrqv
dqg wkh orfdo sro|qrpldo hvwlpdwlrq1 Iru hdfk æ zlwk f é mæm é 2Rn  gh?qh wkh ixqfwlrq
MæEüä ' ü
æNEüäé
Zh pdnh wkh iroorzlqj dvvxpswlrq rq wkh nhuqho ixqfwlrq NEüä lq wkh orfdo sro|qrpldo uhjuhvvlrq1
Wklv dvvxpswlrq dqg wkh dvvxpswlrqv rq sf dqg 6 jlyhq lq wkh ehjlqqlqj ri wklv vhfwlrq hqvxuh
xqlirup frqyhujhqfh uhvxowv rq h6Efæä +vhh Pdvu| +4<<9,,1
E41 Wkh nhuqho N lv v|pphwulf derxw }hur/ erxqghg/ dqg kdv frpsdfw frqqhfwhg vxssruw ENEüä ' f
iru mmümm : øf vrph øf,1 Iru doo æ zlwk f é mæm é 2Rn c wkhuh h{lvwv ?qlwh ä vxfk wkdw
mMæEüäýMæEñäm é ämmüý ñmmé
Uhpdun 41 Wkh uhjxodulw| dvvxpswlrqv idflolwdwh rxu dv|pswrwlf dqdo|vlv1 Lq sudfwlfh/ hyhq
zkhq vrph ri wkhvh frqglwlrqv gr qrw krog/ li wkh huuru glvwulexwlrq lv glvwdqw iurp qrupdo/ h!flhqf|
jdlq ryhu wkh frqyhqwlrqdo nhuqho hvwlpdwru pd| vwloo eh irxqg lq wkh dgdswlyh hvwlpdwru1 Dovr vhh
Prqwh Fduor uhvxowv lq Vhfwlrq 71
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615 Dv|pswrwlf Glvwulexwlrq
Iru qrwdwlrqdo vlpsolflw|/ zh zulwh hL?Ew( hsä dv hL?Ewäc dqg h7?Ew( hsä dv h7?Ewäé Wkh hvwlpdwru ewE%ä fdq




?û_EewE%äý wfE%ää ' s?û_EhwE%äý wfE%ää ns?û_hL?Ehwä3h7?Ehwäc +48,
zkhuh zh vxssuhvv ghshqghqfh ri w rq % zkhuhyhu srvvleoh1 H{sdqglqj h7?Ehwä durxqg wkh wuxh ydoxh
ri wc wfc wr wkh vhfrqg whup/ zh vkrz wkdw
h7?Ehwä ' h7?Ewfäý hL?EwfäEhw ý wfä n JREhw ý wfäé +49,
Dvvxplqj wkdw hL?Ehwä3 ' ïREä dqg vxevwlwxwlqj +49, lqwr +48, zh kdyh
s
?û_Eew ý wfä ' ks?û_Ehw ý wfäý hL?Ehwä3hL?Ewfäs?û_Ehw ý wfälns?û_hL?Ehwä3 h7?Ewfä n JREäc
vlqfh hw lv d s?û_0frqvlvwhqw hvwlpdwru ri wf xqghu rxu dvvxpswlrqv1 Ixuwkhupruh/ lw fdq eh vkrzq
wkdw hL?Ehwäý hL?Ewfä Rý$ f dqg hL?Ewfä Rý$ LwE%äé Wkhuhiruh/
s
?û_Ehw ý wfäý hL?Ehwä3hL?Ewfäs?û_Ehw ý wfä Rý$ f +4:,
dqg lq idfw
s
?û_Eew ý wfä ' LwE%ä3s?û_ h7?Ewfä n JREäé
Ilqdoo|/ zh vkrz wkdw
s
?û_ h7?Ewfä, ùEfc LwE%ä ngn2äé +4;,
Wkxv/ zh rewdlq wkh iroorzlqj uhvxow iru rxu dgdswlyh qrqsdudphwulf uhjuhvvlrq hvwlpdwru1
Wkhruhp 41 Vxssrvh wkdw Dvvxpswlrqv D4 wr D9 dqg E4 krog1 Wkhq/ dv ?$4
s
?û_
kewE%äý wfE%äl, ù ýfc ngn2 L3w E%äü é
Uhpdun 41 Lw pd| dsshdu reylrxv wkdw wkh h>hfw ri hvwlpdwlqj s vkrxog qrw h>hfw wkh glvwulexwlrq
ri wkh uhvxowlqj hvwlpdwru ri 6c dw ohdvw zkhq 0 lv ri orzhu glphqvlrq wkdq f l1h1/ _ : 1 Krzhyhu/
wklv lv d elw plvohdglqj ehfdxvh wr ?uvw hvwlpdwh s zh qhhg wr hvwlpdwh 6> rxu hvwlpdwru ri s
kdv frqyhujhqfh udwh ghwhuplqhg e| wkh suholplqdu| hvwlpdwlrq ri 6é Wkhuhiruh/ rxu uhvxow lv txlwh
vxusulvlqj/ hvshfldoo| zkhq frpsduhg zlwk rwkhu uhvxowv iru qrqsdudphwulfdoo| jhqhudwhg gdwd ^vhh
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iru h{dpsoh Dkq +4<<8,`/ zkhuh wkh grplqdqw whup lv wkdw gxh wr wkh kljkhu glphqvlrqdo hvwlpdwlrq
sureohp1 Rq wkh rwkhu kdqg/ xqghu v|pphwu| wkh orfdwlrq vfruh lv ruwkrjrqdo wr wkh vfruh iru wkh
huuru ghqvlw| lq sdudphwulf prghov/ zklfk lv zk| rqh dfklhyhv dgdswlylw| lq wkdw fdvh1 Wkh vdph lv
wuxh khuh1 Lq dgglwlrq/ wkh hvwlpdwru ewE%ä ghshqgv rq dq hvwlpdwh ri d ixqfwlrqdo ri wkh huuru ghqvlw|
udwkhu wkdq wkh huuru ghqvlw| dw d vlqjoh srlqw1
Uhpdun 51 Wkh qrwlrq ri h!flhqf| wkdw lv hpsor|hg khuh lv vlplodu wr wkdw xvhg lq Olqwrq +4<<:,
lq wkh frqwh{w ri dgglwlyh qrqsdudphwulf uhjuhvvlrq1 Zh duh dlplqj wr gr dv zhoo dv wkh fruuhvsrqglqj
hvwlpdwru rqh zrxog frpsxwh li rqh nqhz wkh huuru ghqvlw| s 1 Ri frxuvh dq| vshfl?f hvwlpdwru fdq
eh ehwwhuhg iru vrph frpelqdwlrq ri Esc6c sfäc vhh Idq +4<<6,é
Uhpdun 61 Lq wkh surriv/ zh ghfrpsrvh wkh hvwlpdwlrq huuruv lqwr gl>huhqw w|shv ri h>hfwv
dqg vhsdudwho| ghdo zlwk wkhvh h>hfwv1 Lq sduwlfxodu/ wr suryh wkh dv|pswrwlf uhvxowv/ zh kdyh wr
ghdo zlwk dw ohdvw irxu w|shv ri whupv lq wkh hvwlpdwlrq ri wkh vfruh dqg Khvvldq1 Wkh ?uvw w|sh ri
huuruv/ lq wkh irup 6Efðä ý 6E%ä/ frph iurp wkh orfdo ghyldwlrq iurp fð wr % gxh wr vprrwklqj>
Wkh vhfrqg w|sh ri huuruv/ h6Efðä ý6Efðä dqg h6E%ä ý6E%ä/ duh iurp wkh suholplqdu| hvwlpdwlrq>
wkhvh h>hfwv duh odujho| ghwhuplqhg e| wkh vprrwkqhvv surshuw| ri 6 dqg/ ri frxuvh/ wkh nhuqho
vprrwklqj1 Wkh wklug w|sh ri huuruv duh gxh wr frqyhqwlrqdo qrqsdudphwulf nhuqho vprrwklqj lq
ghqvlw| hvwlpdwlrq1 Wkh rughuv ri pdjqlwxgh ri wkh eldv h>hfwv dqg yduldqfh h>hfwv lq qrqsdudphwulf
nhuqho hvwlpdwlrq duh ghwhuplqhg e| wkh surshuwlhv ri wkh ghqvlw| ixqfwlrq dqg wkh nhuqho ixqfwlrq
dqg kdyh ehhq h{whqvlyho| vwxglhg lq wkh olwhudwxuh1 Wkh irxuwk w|sh lv wkh wulpplqj h>hfw zkrvh
rughu ri pdjqlwxgh lv jhqhudoo| ghwhuplqhg e| wkh wdlo ehkdylru ri wkh ghqvlw| ixqfwlrq1 Lq wkh surri
zh qhhg d elw pruh wkdq wkh phdq vtxduhg frqvlvwhqf| ri wkh vfruh ixqfwlrq hvwlpdwru/ dv uhtxluhg
lq Elfnho +4<;5, iru wkh sdudphwulf sureohp1 Zh uhtxluh xqlirup udwhv ri frqyhujhqfh rq wkh ghqvlw|
dqg ghulydwlyh hvwlpdwhv1
Uhpdun 71 Iurp wkh surri ri wkh uhvxowv/ zh fdq vhh wkdw rxu hvwlpdwru kdv d eldv h>hfw ri rughu
û^é Xqghu Dvvxpswlrq D8/ rxu suhvhqwdwlrq ri wkh dv|pswrwlfv kdv holplqdwhg wkh eldv whup1
Uhpdun 81 Wkh deryh uhvxow lv dovr xvhixo iru ghulylqj qrqsdudphwulf frq?ghqfh lqwhuydov iru
wkh uhjuhvvlrq ixqfwlrq1 Xqghu wkh edqgzlgwk dvvxpswlrqv/ wkh eldv whup fdq eh ljqruhg dqg d








zkhuh xE5k*2ä ' ý k*2 zlwk xEüä wkh vwdqgdug qrupdo glvwulexwlrq/ dqg er2 lv d frqvlvwhqw hvwlpdwh
ri wkh dv|pswrwlf yduldqfh1 Vxlwdeoh hvwlpdwruv lqfoxgh

















Uhpdun 91 Dvvxpswlrq D8 jlyhv jhqhudo edqgzlgwk frqglwlrqv wkdw duh vx!flhqw iru wkh dv0
|pswrwlf dqdo|vlv1 Furvv0ydolgdwlrq pd| eh xvhg iru edqgzlgwk vhohfwlrq1 Lq sduwlfxodu/ iru hdfk









*L} hsEtæ ý ewûcæEfæääé
Dowhuqdwlyho|/ d +frpsolfdwhg, kljkhu rughu dqdo|vlv ri wkh qrqsdudphwulf hvwlpdwru pd| eh frqgxfwhg
dqg d edqgzlgwk fkrlfh frxog eh ghwhuplqhg edvhg rq rswlpl}lqj wkh vhfrqg rughu h>hfwv zlwk uhvshfw
wr wkh edqgzlgwk1 Vhh Idq/ Iduphq/ dqg Jlmehov +5333, iru wkh ghyhorsphqw ri d edqgzlgwk vhohfwlrq
phwkrg lq d orfdo olnholkrrg frqwh{w1
Uhpdun :1 Rxu dqdo|vlv lq wkh fxuuhqw sdshu lv frqgxfwhg edvhg rq wkh Qdgdud|d0Zdwvrq
nhuqho hvwlpdwru1 Lq sulqflsoh/ wkh vdph lghd pd| eh dssolhg wr rwkhu w|shv ri hvwlpdwruv/ olnh
orfdo sro|qrpldov1 Wklv ohdgv wr d gl>huhqfh lq wkh eldv h{suhvvlrq ^zklfk kdv ehhq rplwwhg e|
xqghuvprrwklqj dq|zd|` exw wkh vdph yduldqfh iru frpsdudeoh lpsohphqwdwlrqv1
7 Vlpxodwlrqv
Zh frqgxfwhg d vpdoo Prqwh Fduor vlpxodwlrq wr hydoxdwh wkh ?qlwh vdpsoh shuirupdqfh ri wkh
sursrvhg hvwlpdwlrq surfhgxuh1 Wkh gdwd zhuh jhqhudwhg iurp +4, zlwk fð ehlqj l1l1g1 vwdqgdug
qrupdo wuxqfdwhg dw ÷D/ dqg6E%ä ' %21 Zh frpsduh wkh qrqsdudphwulf dgdswlyh hvwlpdwru zlwk wkh
Qdgdud|d0Zdwvrq nhuqho hvwlpdwru iru gl>huhqw huuru glvwulexwlrqv1 Vhyhudo gl>huhqw vshfl?fdwlrqv ri
0ð zhuh frqvlghuhg1 Lq sduwlfxodu/ zh frqvlghuhg fdvhv zkhuh 0ð duh l1l1g1 |0glvwulexwlrqv zlwk gl>huhqw
ghjuhhv ri iuhhgrp/ dqg wkh fdvh zkhuh 0ð duh l1l1g1 vwdqgdug qrupdo yduldwhv1 Gl>huhqw vdpsoh vl}hv
47
zhuh wulhg/ ? ' ffc 2ffc ôffc fff1 Wkh qxpehu ri uhsolfdwlrqv lv 2ff lq hdfk fdvh1 Wkh iroorzlqj
nhuqho ixqfwlrq zdv xvhg lq wkh qrqsdudphwulf hvwlpdwlrq gEüä ' DE.üe ý fü2 n ôä2Emüm é ä*ô2c
zklfk kdv ^ ' eé Iru wkh hvwlpdwlrq ri wkh uhvlgxdov/ zh xvh wklug rughu ER ' ôä orfdo sro|qrpldo
zlwk nhuqho NEüä ' fé.DEý ü2äEmüm é ä1
Wkh vdpsolqj shuirupdqfh ri erwk wkh Qdgdud|d0Zdwvrq nhuqho hvwlpdwru dqg wkh qrqsdudphwulf
dgdswlyh hvwlpdwruv zhuh h{dplqhg iru hdfk fdvh1 Lq sduwlfxodu/ zh frpsduhg wkh eldvhv dqg phdq
vtxduhg huuruv ri wkhvh hvwlpdwruv jlyhq gl>huhqw fkrlfhv ri lqqrydwlrq surfhvvhv dqg edqgzlgwk
ydoxhv1
Zh ?uvw hvwlpdwhg 6E%ä dw d ?{hg srlqw % ' f iru ydulrxv gdwd jhqhudwlrq dqg edqgzlgwk
fkrlfhv1 Zh frpsduhg wkh Eldv dqg Phdq Vtxduhg Huuruv ri wkhvh hvwlpdwhv lq Wdeohv 4 wr 61
Uhvxowv edvhg rq wkuhh vdpsoh vl}hv/ ? ' ffc 2ffc fff/ duh uhsruwhg1 Lq hdfk fdvh/ ?yh gl>huhqw
edqgzlgwk ydoxhv zhuh frqvlghuhg1 Frqvlghulqj wkh uhodwlrqvkls ehwzhhq wkh edqgzlgwk dqg vdpsoh
vl}hv/ voljkwo| gl>huhqw edqgzlgwk fkrlfhv zhuh frqvlghuhg iru gl>huhqw vdpsoh vl}hv1 Lq sduwlfxodu/
vpdoohu edqgzlgwk zhuh xvhg lq odujhu vdpsoh vl}hv1 Wdeoh 4 uhsruwv wkh uhvxowv zkhq 0ð duh l1l1g1
|0glvwulexwlrqv zlwk 5 ghjuhhv ri iuhhgrp1 Qrwlfh wkdw lq wklv fdvh wkh uhjxodulw| frqglwlrqv gr qrw
krog ehfdxvh 0ð kdv lq?qlwh yduldqfh1 Krzhyhu/ wkh huuru glvwulexwlrq lq wklv fdvh lv glvwdqw iurp
qrupdo dqg/ dv vkrzq lq Wdeoh 4/ wkh dgdswlyh hvwlpdwru vwloo eulqjv h!flhqf| jdlq1 Wdeoh 5 uhsruwv
wkh hvwlpdwlrq uhvxowv zkhq 0ð duh l1l1g1 |0glvwulexwlrqv zlwk 6 ghjuhhv ri iuhhgrp1 Iurp erwk Wdeoh
4 dqg Wdeoh 5 zh fdq vhh wkdw wkh h!flhqf| jdlq iurp dgdswlyh hvwlpdwlrq lv pruh dssduhqw zkhq
vdpsoh vl}h lv odujh/ fruurerudwlqj wkh dv|pswrwlf wkhru|1 Wdeoh 6 jlyhv wkh uhvxow zkhq wkh huuru
whupv duh l1l1g1 vwdqgdugl}hg qrupdo yduldwhv1 Dv dqwlflsdwhg/ wkh frqyhqwlrqdo nhuqho hvwlpdwru kdv
voljkwo| ehwwhu shuirupdqfh vlqfh/ lq wklv fdvh/ lw fruuhvsrqgv wr wkh olnholkrrg hvwlpdwru edvhg rq
nqrzq ghqvlw|1
48
WDEOH 4= Huuru Whup @ |E2ä
QZ Hvwlpdwru Dgdswlyh Hvwlpdwru
Edqgzlgwk Eldv PVH Eldv PVH
q@433 313; 031378 315:85 031383 315959
313< 0313:; 315568 031385 3153;7
3143 0313;5 315535 0313;6 314:<6
3148 031375 314;96 031379 314;89
3153 31396 31488: 031389 314876
q@533 3138 031365 314:4: 031364 314885
313; 03136; 3147;: 031369 31479:
313< 3137; 3144<7 31364 314469
3143 031367 314336 031369 314339
3148 03136: 313<78 03135; 313;69
q@4333 3135 03134; 313;8; 031348 313;59
3137 3133;8 3139<8 313376 313979
3139 03134: 3137<4 03133< 313643
313; 31359 31366; 3134; 313556
3143 031358 313595 3134< 3134::
49
WDEOH 5= Huuru Whup @ |Eôä
QZ Hvwlpdwru Dgdswlyh Hvwlpdwru
Edqgzlgwk Eldv PVH Eldv PVH
q@433 313; 031367 31586; 03135: 315959
313< 031378 314554 031353 31439;
3143 3137< 3144:4 31376 314455
3148 031369 313;8; 031384 313;88
315 31394 313;35 31387 313:68
q@533 3138 031357 3145;4 03135: 3145:6
313; 031359 313:;9 03134< 313:;8
313< 31365 313:4; 31364 313:33
3143 031376 313945 031375 313878
3148 03136; 31389; 31374 31386:
q@4333 3135 031344 3137;< 03133< 313747
3137 031348 313699 03133: 31363;
3139 31348 31366; 031344 313554
313; 03135: 313635 031349 313574
3143 03134; 313488 031347 31343<
4:
WDEOH 6= Huuru Whup @ Qrupdo
QZ Hvwlpdwru Dgdswlyh Hvwlpdwru
Edqgzlgwk Eldv PVH Eldv PVH
q@433 313; 313479 315446 313379 3154:9
313< 31334; 31438: 31345 3144:4
3143 313359 314344 3134; 3143;9
3148 313446 313;7: 3135: 313<3;
3153 313585 313:5< 31366 313:;9
q@533 3138 03135: 31449 031355 31456
313; 031354 313:54 03134; 313::5
313< 31358 31397< 3135< 3139:4
3143 03136; 31383; 031369 313868
3148 031364 3137;< 3136< 313847
q@4333 3135 03133;6 31373; 03133<4 313744
3137 0313379 313636 0313378 313638
3139 3133<5 313589 03133;; 313588
313; 0313494 313549 03134:5 313555
3143 0313464 313438 0313573 313438
Iljxuhv 4 wr 8 ghslfw wkh hvwlpdwhg ixqfwlrq ewE%ä iru wkh prgho +4, zlwk 6E%ä ' %2ý c ? ' ôff/
dqg/ djdlq/ fð lv l1l1g1 vwdqgdug qrupdo wuxqfdwhg dw ÷D1 0ð duh l1l1g1 vwxghqw0| yduldwhv zlwk ghjuhhv
ri iuhhgrp htxdov ô1 Lq sduwlfxodu/ Iljxuhv 4 wr 8 fruuhvsrqgv wr edqgzlgwk ydoxhv û ' féfSc féfH/
fé/ féD/ fé2/ uhvshfwlyho|1 Rxu vlpxodwlrqv lqglfdwh wkdw wkh sursrvhg hvwlpdwru grhv d uhdvrqdeoh
mre iru fxuyh hvwlpdwlrq1
4;
8 Dsshqgl{
Zh ghqrwh èE%c +c 5c é é éä dv d jhqhudo ixqfwlrq zkrvh h{dfw irup pd| fkdqjh iurp fdvh wr fdvh1 Iru
vlpsolflw|/ zh ghqrwh CKE hsðä dqg CKEsðä dv hCð dqg Cð1 Iru wzr udqgrp yduldeohv f?c t?c zh vd| wkdw
f? * t? zkhqhyhu f? ' t?E n JREää dv ?$4é Ohw .ð ghqrwh h{shfwdwlrq frqglwlrqdo rq
5ð ' Efðc tðäé
814 Suholplqdulhv
Wkh dv|pswrwlf surshuwlhv ri orfdo sro|qrpldo hvwlpdwru kdyh ehhq zhoo ghyhorshg dqg grfxphqwhg/
vhh/ h1j1/ Idq dqg Jlmehov +4<<9, dqg Pdvu| +4<<9, dqg wkh uhihuhqfhv wkhuhlq1 Iru frqyhqlhqfh/ zh






eh wkh qxpehu ri glvwlqfw _0wxsohv æ zlwk mæm ' ì1 Duudqjh wkhvh ùì _0wxsohv
dv d vhtxhqfh lq d oh{lfrjudsklfdo rughu +zlwk kljkhvw sulrulw| wr odvw srvlwlrq vr wkdw Efc é é é c fc ìä lv
wkh ?uvw hohphqw lq wkh vhtxhqfh dqg Eìc fc é é é c fä wkh odvw hohphqw, dqg ohw è3ì ghqrwh wklv rqh0wr0rqh
pds1 Duudqjh wkh glvwlqfw ydoxhv ri aE(!äE6ä/ f é m!m é R/ dv d froxpq yhfwru ri glphqvlrq ù û c
zkhuh ù '
SR
ì'fùì û c zkhuh wkh ð|û hohphqw ri wkdw yhfwru lv rewdlqhg e| wkh iroorzlqj uhodwlrq
ð ' è3æ Eæä n
Sæ3
&'f ù&éVlploduo|/ duudqjh wkh yhfwru E(








dqg gh?qh wkh ù ûù glphqvlrqdo pdwulfhv  dqg K dqg ù û  yhfwru î e|
 '
5999997
fcf fc ü ü ü fcR
cf c ü ü ü cR
111
111
Rcf Rc ü ü ü RcR
6:::::8 c K '
5999997
Kfcf Kfc ü ü ü KfcR
Kcf Kc ü ü ü KcR
111
111
KRcf KRc ü ü ü KRcR







zkhuhðcæ dqg Kðcæ duhùðûùæ glphqvlrqdo pdwulfhv zkrvh Eìc6ä hohphqw duh/ uhvshfwlyho|/ >èðEìänèæE6ä
dqg DèðEìänèæE6ä1 Qrwh wkdw wkh hohphqwv ri wkh pdwulfhv  dqg K duh vlpso| pxowlyduldwh prphqwv
ri wkh nhuqho N dqg N2/ uhvshfwlyho|1 Gh?qh dovr zh ghqrwh
3 '
5999997
fcf fc ü ü ü fcR
cf c ü ü ü cR
111
111
Rcf Rc ü ü ü RcR
6:::::8 é
4<
Ilqdoo|/ duudqjh wkh ùRn hohphqwv ri wkh ghulydwlyhv E*æ-äE(æ6äE%ä iru mæm ' R n  dv d froxpq
yhfwru GRnE%(6ä xvlqj wkh oh{lfrjudsklfdo rughu lqwurgxfhg hduolhu1
Plqlpl}lqj +47, zlwk uhvshfw wr K! jlyhv dq hvwlpdwh ÷K!E%ä dqg h6E%ä ' ÷KfE%ä ' eâ3? [?c zkhuh
e 'Ec fc é é é c fä
â lv wkh yhfwru zlwk wkh rqh lq wkh ?uvw srvlwlrq/ ?E%ä dqg [?E%ä duh v|pphwulf




?cfcfE%ä ?cfcE%ä é é é ?cfcRE%ä




?cRcfE%ä ü ü ü ü ü ü ?cRcRE%ä















































Wkh hvwlpdwh ri 6E%ä lv jlyhq e| h6E%ä ' e3? [? dqg lwv eldv dqg yduldqfh h>hfwv fdq eh
zulwwhq dv h6E%äý6E%ä ' eâ3? E%äL?E%äneâ3? E%äî?E%ä1 Wkh vwrfkdvwlf whup L?E%ä dqg wkh eldv














zkhuh L?c,E%ä dqg î?c,E%ä duh gh?qhg vlploduo| dv [?c,E%ä vr wkdw L?cæE%ä dqg î?cæE%ä duh d ùæ












































Xqghu dvvxpswlrqv D40D9 dqg E4/ zh kdyh wkh iroorzlqj uhvxowv=
týT
%Mc
m?E%äý sE%ä m ' ïREûn ?3*2û3_*2 *L} ?ä
týT
%Mc
mh6E%äý6E%äm ' ïREûRn n ?3*2û3_*2 *L} ?äc +54,
zklfk iroorz iurp wkh uhvxowv ri Pdvu| +4<<9,1 Iru qrwdwlrqdo frqyhqlhqfh/ qrz gh?qh
0ð ' tð ý wf ' 0ð n Bðc
zkhuh Bð ' 6Efðäý6E%äc dqg gh?qh
Y0ð ' tð ý hw ' 0ð n d6Efðäý6E%äoý dh6E%äý6E%äo ' 0ð n Bð ý D ' 0ð ý Dc
zkhuh D ' h6E%äý6E%ä1 Wkxv hsEtð ý hwä fdq eh zulwwhq dv hsEY0ðä1 Wr idflolwdwh dv|pswrwlf dqdo|vlv/
























Ohppd D1 Xqghu rxu frqglwlrqv
hsEY0ðäý sE0ðä ' ïREû^ n ?3*2û3_*2ä iru hdfk ð/ +55,
4@ 
$ð$?
ñññ hsEY0ðäý sE70ðäñññ ' ïREû^3 n ?3*2û3_*23 *L}E?ääé +56,
Surri1 Iluvw +55,1 Qrwlfh wkdw































Wkh ?uvw whup/ sE0ðäý sE0ðäc lv mxvw wkh frqyhqwlrqdo ghqvlw| hvwlpdwru huuru dqg vdwlv?hv
sE0ðäý sE0ðä ' ïREû^ n ?3*2û3*2äé +58,
Wkh vhfrqg whup/ hsEY0ðäý sE0ðä/ frqwdlqv wkh h>hfw frplqj iurp wkh suholplqdu| hvwlpdwlrq> zh vkrz
wkdw lw lv ri rughu ïREû^ n ?3*2û3_*2ä1 E| vhfrqg rughu Wd|oru h{sdqvlrq/ zh kdyh


































































' øU n øUU nøUUU c
zkhuh 0Wð dqg 0
W
æ duh lqwhuphgldwh ydoxhv1
Wkh ?uvw whup/






















e| vwdqgdug nhuqho wkhru|1


































é ïREû2Rn2 n ?3û3_ *L} ?äû3ô ' ïREû2R3 n ?3û3E_nôä *L}?äé
Xqghu wkh edqgzlgwk frqglwlrq D8/ wkh uhpdlqghu whup lv ri rughu ïREûRn n ?3*2û3_*2äé
Zh qrz wxuq wr wkh surri ri wkh pdjqlwxgh ri øUU 1 Wklv fdofxodwlrq lv txlwh orqj1 Wkh jhqhudo
vwudwhj| lv wr h{sdqg rxw wkh udqgrp ghqrplqdwru ri h6Efæä ý6Efæä durxqg lwv suredelolw| olplw
dqg wkhq fdofxodwh wkh prphqwv ri wkh uhvxowlqj ghjhqhudwh X0vwdwlvwlfv whup e| whup1 Qrwlfh wkdw


















































































































































































































































































s âE0ä_0 ' û2
]



























Iru wkh vhfrqg whup lq +5:,/ li zh ghqrwh






















èEðc æc ,äé +5;,
Qrwlfh wkdw +5;, lv phdq }hur zlwk yduldqfh
ïE?2ä.dèEðc æc ,ä
2 n èEðc æc ,äèEðc ,c æäo nïE?
ôä.dèEðc æc ,äèEðc oc ,äoé
Wkh rughuv ri .dèEðc æc ,ä








































&âEüæäE0ð ý ûüæäsE0ð ý ûüæä_üæ
]





























































































































































































































3 L?Efæä ' ïRE?3*2äé
58




























3 d?EfæäýsfEfæäo dsfEfæäo3 L?Efæäc
qrwlfh wkdw
eâ dsfEfæäo
























































































































































































































































































































































' ïE?2ûn2_ û 
?Sûene_
n ?eûe_nS û 
?Sûene_
ä ' ïE?3eû3ô32_ n ?32û2äc










6::8 ' ïE?ôäU nïE?eäUU nïE?DäUUUc
5:
zkhuh U lqfoxghv whupv olnh .èôEæc rc ,ä
2 n.èôEæc rc ,äèôErc æc ,äc UU lqfoxghv whupv zlwk irxu gl>huhqw
lqglfhv olnh .èôEæc rc ,äèôEæc rc qä n .èôEæc rc ,äèôEkc rc ,äc dqg UUU lqfoxghv whupv zlwk ?yh gl>huhqw










6::8 ' ïE?ôäU nïE?eäUU nïE?DäUUU ' ïE?3û2äé
























Rn2 û ûû 
?û2
û ?ä ' ïREûRnäé



















































































Lq frqfoxvlrq/ øUU ' JRE?3*2û3_*2 n û^äé
Qrz wr wkh surri ri wkh xqlirup frqyhujhqfh uhvxow +56,1 Dv deryh/ zh ghfrpsrvh hsEY0ðäý sE0ðä




ññsE70ðäý sE70ðäññ ' ïREû^ n ?3*2û3*2 *L}E?ääé
Wkh vhfrqg whup lq +57, fdq eh ixuwkhu ghfrpsrvhg dv






























zkhuh 0Wð dqg 0
W










lv wkh frqyhqwlrqdo nhuqho
hvwlpdwru ri s âE0ðäc zh kdyh ghqrwhg dv s
â
E0ðäc dqg zulwh wkh ?uvw whup lq +68, dv
dh6E%äý6E%äo s âE0ðä ' dh6E%äý6E%äo s âE0ðä n dh6E%äý6E%äo ks âE0ðäý s âE0ðäl é
E| Dvvxpswlrqv D5 wkdw s âEüä lv xqlirupo| erxqghg dqg e| vwdqgdug uhvxowv wkdw
týT
%Mc
mh6E%äý6E%äm ' ïREû^ n ?3*2û3_*2 *L}E?ääc
4@ 
$ð$?











dh6E%äý6E%äoñññññ ' ïREû^ n ?3*2û3_*2 *L}E?ääé
































êññññ ' ] û2
ññññ&âë0ð ý 0û
êññññ sE0ä_0 ' û
]
m&â Eüäm sE0ð ý ûüä_üé





m&â Eüäm sE0ð ý ûüä_ü
ññññ ' ïREûäé
Lq dgglwlrq/ qrwlfh wkdw
4@ 
$æ$?












ñññññ ' ïREû^3 n ?3*2û3_*23 *L}E?ääé



























ñññ hsEY0ðäý sE70ðäñññ é 4@ 
$ð$?




^3 n ?3*2û3_*23 *L}E?ää
dv uhtxluhg1
Uhpdun 41 Wkh xqlirup udwh jlyhq e| +56, lv qrw wkh ehvw uhvxow/ exw vx!fhv rxu sxusrvh ri
surriv lq wklv sdshu1 Lq idfw/ iroorzlqj d vlplodu dqdo|vlv dv Pdvu| +4<<9,/ d ehwwhu udwh +ïREû^ n
?3*2û3_*2 *L}E?ää, frxog eh rewdlqhg zlwk vxevwdqwldoo| pruh frpsolfdwhg dqdo|vlv1
Uhpdun 51 Wkh deryh uhvxowv fdq eh h{whqghg wr hvwlpdwhv ri ghulydwlyhv edvhg rq vlplodu
dqdo|vlv1 Lq sduwlfxodu/ li









c æ ' c 2c ôc
63
xqghu rxu uhjxodulw| frqglwlrqv
4@ 
$ð$?
ñññ hs EæäEY0ðäý s EæäE70ðäñññ ' ïREû^3æ3 n ?3*2û3_*23æ3 *L}E?ääé +69,
Wkh deryh uhvxowv dovr krog iru dq| Y0ð lq d vpdoo qhljkerukrrg ri 0ðc vd|/ Y0ð ý 0ð ' ïRE?3*2û3_*2äé
815 Surri ri Wkhruhp 4
Zh h{sdqg h7?Ehwä durxqg wkh wuxh ydoxh ri wc wfc dqg rewdlq
h7?Ehwä ' h7?Ewfä n Y h7?
Yw




EwWäEhw ý wfä2c +6:,
zkhuh wW lv dq lqwhuphgldwh ydoxh ehwzhhq wf dqg hwé Wklv lv wkh frpsohwh h{sdqvlrq fruuhvsrqglqj
wr +49,1 Qrwlfh wkdw
Y h7?
Yw








































ê hs âEtð ý wähsEtð ý wä }KE hsEtð ý wää hs âEtð ý wäc
zh fdq zulwh +6:, dv





Xqghu wkh jlyhq dvvxpswlrqv/ wkh suholplqdu| hvwlpdwru hwE%ä jlyhq e| +45, lv frqvlvwhqw dqg lqghhg
vdwlv?hv hwE%ä ý wfE%ä ' ïRE?3*2û3_*2 n û^ä ' ïRE?3*2û3_*2äé Lq wkh iroorzlqj wkuhh vxevhfwlrqv/
zh ghulyh wkh dv|pswrwlf uhvxowv iru wkh Khvvldq hL?Ehwäc wkh vfruh h7?Ewfäc dqg wkh uhpdlqghu whup
-?Ew
Wä ' -EwfäEhw ý wfä n EY2h7?EwWä*Yw2äEhw ý wfä2*2é
64
81514 Wkh Khvvldq
Zh zdqw wr vkrz wkdw








ê% hs âhs Etð ý hwä
&2
CKE hsðä Rý$ sfE%äUEsäé +6;,












Zh ghfrpsrvh hsEY0ðä dv sE70ðä n d hsEY0ðäý sE70ðäoc dqg hs âEY0ðä dv s âE70ðä n d hs âEY0ðäý s âE70ðäo1 E| d jhrphwulf
h{sdqvlrq hsEY0ðä32 fdq eh zulwwhq dv
sE70ðä















hsEY0ðä n sE70ðäod hsEY0ðäý sE70ðäo
sE70ðäe
n
d hsEY0ðä n sE70ðäo2d hsEY0ðäý sE70ðäo2
sE70ðäe hsEY0ðä2
$

















































































ê s âE70ðä k hs âEY0ðäý s âE70ðäl
sE70ðäe









ê k hs âEY0ðäý s âE70ðäl2
sE70ðäe









ê s âE70ðä k hs âEY0ðäý s âE70ðäl









ê k hs âEY0ðäý s âE70ðäl2




Mæ ' JREäc æ ' 2c é é é c fé
Wklv lv fduulhg rxw lq d vhulhv ri ohppdv jlyhq ehorz1
Ohppd K41 Xqghu rxu frqglwlrqv
M Rý$ sfE%äUEsäé
Surri1 M frqwdlqv wkh huuruv frplqj iurp wkh orfdo ghyldwlrq iurp fð wr % lq whupv ri Bð '
6Efðä ý 6E%ä ' 70ð ý 0ðc zklfk lv odujho| ghwhuplqhg e| wkh vprrwkqhvv surshuw| ri 6Eüä1 Iru




































' M n M2é













g ELä sfE%ý ûLä_L * û_sfE%äUEsä
e| d fkdqjh ri yduldeohv dqg grplqdwhg frqyhujhqfh1 E| d odz ri odujh qxpehuv iru lqghshqghqw



























Qrz zh h{dplqh M21 Gh?qh
4EBä '
] û
úE0n Bä2 ý úE0ä2ú sE0ä_0














E| grplqdwhg frqyhujhqfh/ wklv h{shfwdwlrq lv }hur ehfdxvh dv û$ f
4@ 
ðGfð3%$û
m6Efðäý6E%äm ' 4@ 
ðGfð3%$û
mBðm $ f
e| wkh gl>huhqwldelolw| ri 6 dw %é
Ohppd K51 Xqghu rxu frqglwlrqv
M2 ' JREäé
Surri1 Xqghu rxu frqglwlrqv CKE hsðä ' CKEsðä n JREäé Lq sduwlfxodu/
4@ 
$ð$?
ñññCKE hsðäýCKEsðäñññ ' 4@ 
$ð$?
ñññ}KEsWð äE hsð ý sðäñññ é K3 4@ 
$ð$?
ñññ hsð ý sðñññ c
zkhuh sWð lv dq lqwhuphgldwh srlqw ehwzhhq hsð dqg sðé Qrwlfh wkdw xqghu edqgzlgwk dvvxpswlrq D8/
4@ 
$ð$?
ñññ hsð ý sðñññ ' JREKäc +6<,


















êññññúE70ðä2 ü 4@ $ð$? ñññCKE hsðäýCKEsðäñññ
' ïREä ü JREä ' JREäé
Wkhuhiruh/ zh fdq ljqruh wkh hvwlpdwlrq huuruv lq wulpplqj h>hfw1 Ixuwkhupruh/ pdnlqj dq h{sdqvlrq
































úâE0ðä2B2ð dýCðo n JREäé
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Wkh suhflvh rughu ri pdjqlwxgh ri wkh wulpplqj h>hfw zloo ghshqg rq wkh wdlo ehkdylru ri sé Iru




s âE0ä * 
Eõý ä-s
EõäE@äE0ý @äõ3c
iru @ é 0 é @ n B/ dqg B lv vpdoo1 Vlplodu uhvxowv krog lq vpdoo qhljkerukrrgv durxqg wkh xsshu












sE0ä_0 ' ïEKEõ3ä*õä ' JEäé





















Rwkhu whupv fdq eh dqdo|}hg vlploduo|1
Iru æ ' ôc ec é é é c f/ whupv Mæ duh ixqfwlrqv ri hs âEY0ðä ý s âE70ðä dqg2ru hsEY0ðä ý sE70ðä1 Wr idflolwdwh
dv|pswrwlf dqdo|vlv/ zh ghfrpsrvh hs âEY0ðäý s âE70ðä lqwr wkh vxp ri hs âEY0ðä ý s âE70ðä dqg s âE70ðäý s âE70ðä
+dqg hsEY0ðä ý sE70ðä lqwr wkh vxp ri hsEY0ðä ý sE70ðä dqg sE70ðä ý sE70ðä,1 Wkh ?uvw whup/ hs âEY0ðä ý s âE70ðäc
68
frqwdlqv huuruv frplqj iurp suholplqdu| hvwlpdwlrq h6Efðäý6Efðä dqg h6E%äý6E%ä/ dqg wkh vhfrqg
whup/ s
â
E70ðäý s âE70ðä/ frqwdlqv wkh huuruv frplqj iurp qrqsdudphwulf nhuqho vprrwklqj1
Ohppd K61 Xqghu rxu frqglwlrqv
Mô ' JREäé





















ê s âE70ðä ks âE70ðäý s âE70ðäl
sE70ðä2
Cð






































































































' Môø n Môîé


















































































&Eüäs ââE70ð ý üûä_üc
dqg lw fdq eh yhul?hg wkdw=














































û û_ û ûû K32ä ' ïE e
?eû_nDK2
ä


























û û_ û ûS û K32ä ' ïE 
?eû_K2
äé












Iru Môîc vlqfh h6Efæäý6Efæä ' eâ3? EfæäL?Efæäneâ3? Efæäî?Efæäc zkhuh e ' Ec fc é é é c fc fäâ/
zh h{sdqg3? Efæä durxqg lwv olplw EsEfæää























































































































' Mô n Mô2 n Môô n Môeé











































































































































































































































lv d vhfrqg rughu X0vwdwlvwlf/ zkloh






















































































































)?E5ðc 5æäo lv ghwhuplqhg e|
ïE?2ä.d)?E5ðc 5æä
2 n )?E5ðc 5æä)?E5æc 5ðäo +74,
nïE?ôä.d)?E5ðc 5æä)?E5,c 5æä n )?E5ðc 5,ä)?E5ðc 5æäo



















































































æ õ'ðcæ õ',c, õ'ð
)2?E5ðc 5æc 5,ä
6::8 ' ïE?ôä.dx2o nïE?eä.dx22o nïE?Dä.dx2ôoc
zkhuh x2 lqfoxghv whupv zlwk wkuhh gl>huhqw lqglfhv/ vd| )2?E5ðc 5æ c 5,ä
2c x22 lqfoxghv whupv olnh
)2?E5ðc 5æ c 5,ä)2?E5ðc 5oc 5,äc dqg x2ô frqwdlqv whupv ri w|sh )2?E5ðc 5æc 5,ä)2?E5oc 5|c 5,ä1 Zh fdq yhuli|









iru whupv zlwk irxu gl>huhqw lqglfhv







iru whupv zlwk ?yh gl>huhqw lqglfhv















æ õ'ðcæ õ',c, õ'ð
)2?E5ðc 5æc 5,ä
6::8 ' ïE?3K32 n ?32û3_K32 n ?3ôû32_3DK32äé



































































































































































































































Wkxv/ Môî ' JREä dqg Mô ' JREäé
Lq rughu wr vkrz Mô2 ' JREäc zh ghfrpsrvh s âE0ðäýs âE0ðä lqwr d eldv h>hfw îâE0ðä dqg d yduldqfh







































































' Mô2ø n Mô2îé


































































































djdlq/ wklv lv d vhfrqg rughu X0vwdwlvwlf zlwk ghjhqhudf|1 Zh vkrxog yhuli| wkh rughuv ri pdjqlwxgh
ri . d)ô?E5ðc 5æä
2o c . d)ô?E5ðc 5æä)ô?E5æ c 5ðäo c dqg . d)ô?E5ðc 5æä)ô?E5,c 5æäo é E| d vlplodu fdofxodwlrq dv




























Frqvhtxhqwo| Mô2 ' JREä dqg wkxv Mô ' JREäé
Vlplodu dqdo|vlv fdq eh dssolhg wr rwkhu whupv wkdw lqyroyh hs âEY0ðäý s âE70ðä dqg hsEY0ðäý sE70ðä1
Ohppd K71 Xqghu rxu frqglwlrqv
75
Me ' JREäé


























E hsEY0ðä n sE70ðääEsEY0ðäý sE70ðääCð
lv vlplodu wr wkdw ri Mô dqg Mô21



























































ê s âE70ðä k hs âEY0ðäý s âE70ðäl ks âE70ðäý s âE70ðäl
sE70ðä2
Cð















































































































































































êññññ * .ð ññññ&ââë70ð ý 0æû






êññññ * .ð ññññ&ââë70ð ý 0,û















ê s âE70ðä k ?ûô Sæ õ'ð &ââ ý70ð30æû ü Eh0æ ý 0æäl2
sE70ðä2
Cð ' JREäé













MD2 ' JREäc MDô ' JREäé


























sE70ðäe hsEY0ðä2 E hsEY0ðä n sE70ðää2CKE hsðä
ñññññ
' ïREû
2^32 n ?3û3_32äK32 ' JREäé
Zh kdyh xvhg Ohppd D khuh1 Vlplodu dqdo|vlv fdq eh frqgxfwhg iru Mb dqg Mf1
81515 Wkh Vfruh Ixqfwlrq
Zh zdqw wr vkrz wkdw
s
?û_h7?Ewfä, ùEfc sfE%äUEsä ngn2äé
E| gh?qlwlrq
s








ê hs âhs Etð ý wfäCKE hsðäé
Iru wkh ghqrplqdwru
hsEtð ý wfä ' sEtð ý wfä ý
hsEtð ý wfäý sEtð ý wfä




i hsEtð ý wfäý sEtð ý wfäj2
s 2Etð ý wfä hsEtð ý wfä é
Wkhuhiruh/
s


















CKE hsðä;?= hs âEtð ý wfäsEtð ý wfä ý
hs âEtð ý wfä k hsEtð ý wfäý sEtð ý wfäl
sEtð ý wfä2 n






















ê hs âEtð ý wfä k hsEtð ý wfäý sEtð ý wfäl











CKE hsðä hs âEtð ý wfä-2é
Wkxv
s





















s âEtð ý wfä










ê hs âEtð ý wfäý s âEtð ý wfä











ê hs âEtð ý wfä k hsEtð ý wfäý sEtð ý wfäl












CKE hsðä hs âEtð ý wfä-2
' A n A2 ý Aô n Ae n ADé
Zh vkrz wkdw




Rý$ fc æ ' 2c é é é c Dé
Ohppd V41 Xqghu rxu frqglwlrqv
A , ùEfc sfE%äUEsä ngn2äé
Surri1 Qrwlfh wkdw tð ý wf ' 0ð n6Efðäý6E%ä ' 0ð n Bð dqg

















































































ds âE0ð n Bðäý s âE0ðäo dsE0ð n Bðäý sE0ðäo
sE0ðäsE0ð n Bðä
' A n A2 n Aô n Aeé
Zh yhuli| hdfk ri wkhvh whupv1 Iluvw/ e| d fhqwudo olplw wkhruhp iru l1l1g1 udqgrp yduldeohv/









úE0ðä, ùEfc sfE%äUEsä ngn2äé
E| fdofxodwlrq ri prphqwv/ lw lv hdv| wr yhuli| wkdw/ xqghu rxu frqglwlrqv/ A2c Aô/ dqg Ae duh
JREä1 Iru h{dpsoh/








































































Ohppd V51 Xqghu rxu frqglwlrqv
A2
Rý$ fé
Surri1 Iluvw/ zh h{sdqg wkh wulpplqj ixqfwlrq wr wkh vhfrqg rughu/
















s âEtð ý wfä












s âEtð ý wfä

























































m hsð ý sðmê2 c
zkhuh wkh ?uvw whup fdq eh vkrzq wr eh ïREäc dqg wkh vhfrqg whup lv JREä e| uhvxow +56,1 Wkhuhiruh/










s âEtð ý wfä
sEtð ý wfä }KEsðäE
hsð ý sðäé +75,
7;
Wklv djdlq lqyroyhv vrph ixuwkhu X0vwdwlvwlf fdofxodwlrq1 Vlplodu wr wkh suhylrxv dqdo|vlv/ zh ghfrp0











s âEtð ý wfä












s âEtð ý wfä










































































EY0ð ý 70ð n h0æ ý 0æä2c




















EY0ð ý 70ð n h0æ ý 0æä2
ñññññ














2^ n ?3û3_ *L}2E?ääû ?s
?û_
û û_ û û3ô
' ïREû
2^ n ?3û3_ *L}2E?ääû
s
?û_ û û3ô ' JREäé
Wkxv/












































* A2ø n A2îé
Iru wkh ohdglqj whup A2ø/ vlqfh h6E%äý6E%ä ' ïRëû^? n s?û_?
ê




















































































































































































































sEñ n6E%ý ûLäý6E%ääsfE%ý ûLä_ñ_Lé











































û û_ û JEKä ' JEû_äé




























































































































































' A2 n A22 n A2ô n A2eé +77,
Iroorzlqj vlplodu dqdo|vlv dv wkrvh lq wkh surri ri Ohppd K6/ zh fdq yhuli| wkdw hdfk ri wkhvh whupv










































































































































































































lv d vhfrqg rughu X0vwdwlvwlf/ zkloh

















































































































æ' ò?E5ðc 5æäc wkh rughu ri pdjqlwxgh lv ghwhuplqhg e|
ïE?2ä.dò?E5ðc 5æä
2 n ò?E5ðc 5æäò?E5æc 5ðäo nïE?
ôä.dò?E5ðc 5æäò?E5,c 5æä n ò?E5ðc 5,äò?E5ðc 5æäoé
wkxv zh qhhg wr yhuli| wkdw
. dò?E5ðc 5æäo
2 ' JE?32ä +78,
.dò?E5ðc 5æäò?E5æ c 5ðäo ' JE?
32ä +79,
.dò?E5ðc 5æäò?E5,c 5æäo ' JE?
ôä +7:,
.dò?E5ðc 5,äò?E5ðc 5æäo ' JE?
3ôäé +7;,






































































































































































































































































































































g ELäg EL n T äN ET äN ET ä EýT äV T V_T _L ' ïEû2_äé
Wkhuhiruh/
























6::8 ' ïE?ôä.dK2o nïE?eä.dK22o nïE?Dä.dK2ôoc
zkhuh K2 lqfoxghv whupv zlwk wkuhh gl>huhqw lqglfhv/ vd| ò2?E5ðc 5æc 5,ä
2c K22 lqfoxghv whupv olnh
ò2?E5ðc 5æ c 5,äò2?E5ðc 5oc 5,äc dqg K2ô frqwdlqv whupv ri w|sh ò2?E5ðc 5æ c 5,äò2?E5oc 5|c 5,ä1 Zh fdq yhuli|




û ûû û2_ä ' JE?3ôäc
87





Wkh ohdglqj whup lq wkh yduldqfh ri wkh wklug rughu X0vwdwlvwlfv lv wkh whup zlwk ?yh gl>huhqw lqglfhv1























































































* s âE70ðäs âE70oäûeé
















































































æ õ'ðcæ õ',c, õ'ð
)2?E5ðc 5æ c 5,ä
6::8 ' JEäc











































































































û û2 û û2_ û ?ôä ' JREûRnn_*2 û ?*2ä ' JREäc
dqg A22 ' JREäé Vlploduo| A2e ' JREä1












s âEtð ý wfä
sEtð ý wfä }KEsðäEsE70ðäý sE70ðääé












































s âEtð ý wfä











s âEtð ý wfä
sEtð ý wfä }KEsðäîE70ðä
' A22ø n A22îé

































































































2 n . dòô?E5ðc 5æäòô?E5æc 5ðäo
ú
nïE?ôä. dòô?E5ðc 5æäòô?E5,c 5æäo
Zh vkrxog yhuli| wkh rughuv ri pdjqlwxgh ri .dòô?E5ðc 5æä
2oc .dòô?E5ðc 5æäòô?E5æc 5ðäoc dqg
.dòô?E5ðc 5æäòô?E5,c 5æäoé E| d vlplodu fdofxodwlrq dv zh glg iru Mô2/ zh fdq vkrz wkdw
.òô?E5ðc 5æä
2 n . dòô?E5ðc 5æäòô?E5æc 5ðäo ' JE?
32ä
. dòô?E5ðc 5æäòô?E5,c 5æäo ' JE?
3ôäé
Lq sduwlfxodu/ wkh ohdglqj whup lq . dA22øo
2 lv ïE?ôä. dòô?E5ðc 5æäòô?E5,c 5æäo é























































































































































































































s âEtð ý wfä





Wkxv A22 ' JREäé Frqvhtxhqwo| wkh whup +75, ' JREäé










s âEtð ý wfä
sEtð ý wfä dýCðoc
djdlq/ zh ghqrwh s â*s dv ú dqg xqghu jlyhq dvvxpswlrqv zh rewdlq d Wd|oru h{sdqvlrq wkdw úEtð ý










s âEtð ý wfä






















Wr yhuli| wkh rughu ri pdjqlwxgh ri +7<,/ qrwlfh wkdw e| Dvvxpswlrqv D5 dqg D6/ 0ð lv v|pphwulfdoo|
glvwulexwhg zlwk }hur phdq/ lw lv hdv| wr yhuli| wkdw úE0ðäd ý Cðo lv l1l1g1 zlwk }hur phdq/ wkxv zh

















sE0ðädýCðo_0ð ' JEä +85,
xqghu dvvxpswlrq D6 +ru D6â,1 Wkxv/ frpelqlqj +84, dqg +85,/ zh fdq vkrz wkdw wkh rughu ri +7<,
lv JREä1 Li zh dvvxph wkdw Dvvxpswlrq D6â krogv/ lw fdq eh vkrzq wkdw
.dúE0ðä
2EýCðäo ' ïEKEõ3ä*õäé +86,
dqg wkh rughu ri pdjqlwxgh ri +7<, lv ïREKEõ3ä*E2õää ' JREäé
Qrz zh orrn dw wkh whup +83,/ qrwlfh wkdw



























zkhuh èEgc6c sfä lv d ixqfwlrq ri wkh nhuqho dqg ghulydwlyhv ri 6 dqg sf hydoxdwhg dw %1 Dqg
. dúâE0ðäEýCðäo ' JEäé
Frqvhtxhqwo|/ e| fdofxodwlrq ri prphqwv zh kdyh/ xqghu edqgzlgwk dvvxpswlrq D8/ +83, ' JREä1
Ohppd V61 Xqghu rxu frqglwlrqv
Aô
Rý$ fé














































ê ks âE0ðäý s âE0ðäl
sE0ðä
Cð




















































































































































































































































































































æ õ'ðcæ õ',c, õ'ð









' ïE?3*2û_*2K3ä ' JEä










































































































































































2 n òD?E5ðc 5æäòD?E5æc 5ðä
ú
nïE?ôä. dòD?E5ðc 5æäòD?E5,c 5æäo























s âE0ä_0 ' û2
]





















0n Bð ý 0æ
û
ê
s âE0ä_0 ' û2
]
& Eüä s âEBð ý 0æ ý üûä_üé




































































68 ' K32ûeèôEBðc B,äc
zkhuh èðc ð ' c 2c ô duh xqlirupo| erxqghg ixqfwlrqv1 Ilqdoo|/ qrwlfh wkdw zkhq zh lqwhjudwh ryhu













































































































































































































































Ohppd V71 Xqghu rxu frqglwlrqv
Ae
Rý$ fé
Surri1 Wkh surri lv vlplodu wr wkdw ri Ohppd V61 Djdlq/ zh ghfrpsrvh hsE0ðäý sE0ðä lqwr d hsE0ðäý
sE0ðäo n dsE0ðäý sE0ðäoc wkxv






























Wkh rughuv ri pdjqlwxgh ri Ae dqg Ae2 fdq eh yhul?hg vlploduo| dv Aô dqg Aô2é Iru h{dpsoh/ zh fdq
























ê s âE0ðä k& í 0ð30æû ìý .ð k& í0ð30æû ìll
sE0ðä2
Cð
djdlq/ qrwlfh wkdw lw lv d vhfrqg rughu X0vwdwlvwlf zlwk ?uvw rughu ghjhqhudf|/ .Ae2ø ' fé Dv wkh surri














































































































68 ' K32û2èSEBðc B,äc
zkhuh èðc ð ' ec Dc S duh xqlirupo| erxqghg ixqfwlrqv1 Ilqdoo|/ qrwlfh wkdw zkhq zh lqwhjudwh ryhu






























































& Eüä2 sE0ð ý üûä_ü
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Ohppd V81 Xqghu rxu frqglwlrqv
AD
Rý$ fé










s âEtð ý wfäi hsE0ðäý sE0ðäj2
s2E0ðä hsE0ðä Cð



























Vlqfh m hsðm : Kc dqg xvlqj wkh uhvxow +56,/ wkh uhpdlqghu whup lv ri rughu
ïRE?
*2û_*2äïREK
32äïREû2^32 n ?3û3_32 *L}2E?ää ' ïREû2^n_*232?*2K32 n ?3*2û3_*232K32E*L}2E?ääc
zklfk lv JREä xqghu rxu edqgzlgwk frqglwlrqv1
81516 Uhpdlqghu whup






ñññññ ' JREs?û_ä +87,
98
ehfdxvh ?û_Ehw ý wfä2 ' ïREäé Wkh h{suhvvlrq iru -?EwWä lv txlwh frpsolfdwhg exw lwv dqdo|vlv lv
vlplodu wr wkdw ri wkh Khvvldq h{fhsw wkdw= +d, zh uhtxluh rqo| erxqgv lq suredelolw| wkdw duh txlwh
zhdn> +e, wkrvh erxqgv/ krzhyhu/ kdyh wr eh orfdoo| xqlirup lq wkh dujxphqw wé E| dq dqdo|vlv vlplodu
wr wkdw ri wkh Khvvldq/ lw fdq eh vkrzq wkdw Y2 h7?Ewä*Yw2 ' ïREä iru dq| jlyhq wé Wkh h{whqvlrq wr
orfdo xqlirup ryhu iw G mw ý wfm é ?3*2û3_*2j iroorzv iurp wkh vprrwkqhvv surshuwlhv rq wkh nhuqho










ê hs âââhs Etð ý wäCKE hsðäé
E| frqvwuxfwlrq













?û_nHK2c zklfk lv dvvxphg wr jr wr }hur
xqghu rxu frqglwlrq D81 E| h{sdqglqj rxw zh fdq rewdlq ehwwhu uhvxowv exw zlwk frqvlghudeo| pruh
fdofxodwlrqv1




















s ââEtð ý wfä











ê hs ââEtð ý wfäý s ââEtð ý wfä











ê s ââEtð ý wfä k hsEtð ý wfäý sEtð ý wfäl










ê k hs ââEtð ý wfäý s ââEtð ý wfäl k hsEtð ý wfäý sEtð ý wfäl
sEtð ý wfä hsEtð ý wfä CKE hsäc
99
e| dq dqdo|vlv vlplodu wr wkdw ri wkh vfruh dqg dovr xvh wkh uhvxow ri Ohppd D dqg +69,/ zh fdq vkrz


















s âEtð ý wä
sEtð ý wä }KEsEtð ý wää
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